A GENERALIZED MOMENT PROBLEM FOR SELF-
ADJOINT OPERATORS

BY
D. LEVIATAN

ABSTRACT
Let the sequence {A;} (i = 0) satisfy condition (1.1) and let {45} (n =0)bea
sequence of bounded self-adjoint operators over a complex Hilbert space H.
We give a necessary and sufficient condition in order that {4,} (n = 0) should
possess the representation (1.2).

1. Introduction. Let the sequence {4} (i 2 0) satisfy the following conditions

(1. 0SS A<y < e <Ay <o
(L.1) 2. lim 4, = o0

3. X 1o w

L i=1 A

We shall deal with the following problem: Let H be a complex Hilbert space
and let {4,} (n 2 0) be a sequence of sclf-adjoint operators in B(H). What are
the conditions, necessary and sufficient, on the sequence {4,} (n 2 0) in order
that it should possess the representation

1
(1.2) An =f tlndX(t) nh= 0: 1a2,
]

where x(¢) is a nondecreasing function from [0,1] to B(H), that is x(w) > x(v)
fortzu>v=0.

The case A, =n for n =0 was treated in the papers of Sz. Nagy [5, 6] and
Mac Nerney [2].

2. Definitions. Let A= |a;;|, i20,j=1, be an infinite matrix of real
numbers where g;; =1 fori=0,1,2,---.
Denote
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ai1,13 "%y ail,m

(i) = | * 0Si; < <ip

airml’ *t aim;m

(if m =1(i,) = a;, 1 = 1). We assume that (i;,-,i,) >0 forevery 0 < iy <--- < i,
Given a sequence of operators {4,} (n = 0) define

k
2.1) D4, = X (= 1Y (it j—1,i+j+ 1, i+ k)4,
j=0

(when k =0, D°4, = 4,) and
___(Om+1,--,p
pm _(m + 1’...’p)(m,...,p)

(when m=p, 4,,=(0)/(p) 4, = A4,).
For every fixed p, assuming the A,,, are known, (2.2) are p + 1 linear equalities
with p + 1 unknowns Ay, -+, 4,. It is easily seen that the solution is

Q2 A

DP™™4,, 0sm=£p=0,12,--

P (m,m+1,.-,p)
2, = AL AL £ <p<p=0,1,2,--
2.3) A, mZ;.o Om+Lp) Aom 0£np=0,1,2
(when m = p the coefficient is ((n)/(0)) = 1).
Denote
_(mm+tl,-p)
" (0,m+ 1, p)

(when m =p C,,, =((n)/(0)) =1) and

tom = Cimp 0<sm<p=0,1,2,--

(When p =0, Cy40 = ((1)/(0)) =1).

The following results were proved by Shoenberg [4]

a 0=ty <t, < <t,=1,

b. Let the points {(t,m; Cam)} (0 < m < p,p 2 n) be the vertices of a polygon
p and let p{P(1), 0 < t < 1, be the function describing that polygon. Then for
each n, n=0,1,2, - the functions p®(z) tend, as p— o0, to a function ¢,()
uniformlyin 0t £ 1,

c. Define as in (2.1) and (2.2)

C 0sn,mgp=0,1,2,-

(2'4) Dk¢i(t) = i (_ 1) J (is""i +J - 1’ l+j + 1""’i + k)¢i+j(t)
j=0
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and

(5) IO L Lk S}

. (m + l,--~,p)(M,---,p)
then 4,,()20for0<t<1and 0 m < p=0,1,2,-

DP™",(1),

3. Main results. For a given sequence {4,} (n = 0) define an operator L on the
space of all linear combinations of {¢,(1)}(n=0) as follows: Let P(f)= X[_oa;0,(1),
then L{P(1)} = X/_oa;A;.

THEOREM 1. Suppose that the linear combinations of {¢, ()} (n=0) are
dense in C[0,1] in the sense of uniform convergence. Then the following three
conditions are equivalent:

1. Let {A,} (n=0) be a sequence of self-adjoint operators and 1, defined
by 2.2), then 2,, >0 for 0 <m < p=0,1,2,---

2. For every P(t)= XI_oa;p(t) such that P(f)=0 for 0<t<1, we have
L{P(t)} > 0.

3. There exists a nondecreasing function y(t) from [0,1] to B(H) such that
An = f(li ¢n(t)dX(t) n=0,1,2,--.

Proof. 1 52: Let P(t)= X'_4a,0(t)20 for 0<t<1, then for any xeH

LIPO}) = X afdix)
i=0
by (2.3) forevery p=n

n 14
= Z a; E Cimp()"pmx9 X)
=0 0

]
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K3
3
il ™M
<
o)
-~
S
~~
b
]
Ne”
~~
[
b1
3
Ry
X

=l +1,

NOW Il = ErI:|=0[ Ei"=oai¢i(tpm)] (A'pmx’x) = 2r‘:|=0P(tpm) (Apmx’ X), hence Il g 0
Since PP)(t)-»¢,(t) uniformly in 0<¢<1 and (Aymx,x)20 for 0Sm=p=0,1,2,--
we have for p = p,:

llzlés [éola,l ] (ME:oApmx,x)

by (2.3)
=eK(Agx,x)—>0 as 6=+ 0.
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Hence L{P(t)} > 0.

2 - 3: It is proved easily in a way similar to the proof of the spectral decom-
position of bounded operators. For instance see [2] Lemma 9.

3-1: We have 4,, =f(1, Am()dx() > 0 since x(f) is nondecreasing and
Apm() Z 0. Q.E.D.

CONSEQUENCE 1: Suppose that the linear combinations of {¢,(f)} (n=0)
are dense in C[0,1] in the sense of uniform convergence. Then the following
two conditions are equivalent:

1. Let {4,} (n = 0) be a sequence of self-adjoint operators such that Ay =1
and A, defined by (2.2), then 4,,>0for0=m <p=0,1,2,---.

2. There exists a self-adjoint operator 4 in an extension space H such that
A,=pr¢ () n=0,12,..-.

Proof. By Theorem 1 condition 1 is equivalent to the existence of a generalized
spectral family {y()}, (we may take x(f)=0 for t <0 and y(t)=1 for t = 1),
such that 4, = [3¢,()dx(f) n=0,1,2,-.-. Hence by Sz. Nagy [5] this is equi-
valent to the existence of A = [J¢tdE(t) such that x(f) = prE(t) for 0 <t <1.

Q.E.D.

Let the matrix 9 be an infinite Vandermonde defined by {4} (i =2 0) which
satisfies (1.1), thatis A = ” a;; || where a;; = 4; J=1420,j = 1. Given the sequence
{4,} (n 2 0) we have
B Apm=(~ DP Ry v et A

1

r "
i§m A=A s Q= A ) A = Aggg) - o - (A= 4y) '

E= (_' l)p_m}“m+1 Tt Ap[AmV"’Ap]

CONSEQUENCE 2: Let {1} (i=0) satisfy (1.1) with A, =0, then (— 1)’ ""[4,,"**,4,]
>0for0<m=p=0,1,2,- if, and only if there exists a nondecreasing function
() from [0,1] to B(H) such that 4, = [Jt,dx(f) n=0,1,2,--. If we have
also Ay = I, then there exists a self adjoint operator A in an extension space H
such that 4, = prd**n=0,1,2,.-.

Proof. For {4} (i =0) satisfying (1.1) with 1, =0 we have ¢,(r)=¢"/*
n=0,1,2,-- and the linear combinations of {$,(t)} (n = 0) are dense in
C[0,1] in the sense of uniform convergence (see [4]). Hence by Theorem 1
(-1 ™A4,,4,]>0 for 0Sm=<p=0,1,2,--- if, and only if there exists
a nondecreasing function y(¢) from [0,1] to B(H) such that

1
A,,=ft‘~-/‘!d¢(t) n=0,1,2,-.
(1]
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Define s = t'/**and x(s) = ¥(¢), then 4, = fésl"dx(s) n=0,1,2,--.
The second part is proved as in consequence 1. Q.E.D.

TrEOREM 2. Let {A;} (i = 0) satisfy (1.1) with Ao >0. Then there exists a
nondecreasing function x(t) from [0,1] to B(H) such that x(1) — x(0)=1I and

1
(3*2) An =f t;de(t) n= 0’ 1, 2; ot
0

if, and only if.
1. For O =mZ p= 091’25“' ( - l)p_m[Ama"'9Ap] > 0.
(3.3) ’ 1 1
2. For p20 (—=1% 4 | 4o 74, | <l
Ao A, F
Proof. Define sequences {4,}, {1,} (n 2 0) by
XO=I gn‘:An—l n_Z_l.
ZO=0 1,,—_-/1”._1 ngl.

By (3.1) we have by an easy calculation (see [1])

[Izm""’l:fp] = [Am-l"“9AP_l] for 1§m§p= 1’2"“

and

T Gt 1, 1
[ ] = i+ | o T |

From (3.3) (— 1)* ™[4+, 4,] > 0, hence by Consequence 2

1
i =fﬁndx(t) n=0,1,2,-, thatis
0

1
A4, = f t dy(t) n=0,1,2,--.
]

On the other hand, by (3.2) 4, = [¢t™dy(t) n=0,1,2,-, hence by Con-
sequence 2, (— 1) ™[4, 4,] >0 for 0Sm < p=0,1,2,--, that is (3.3)
holds. Q.E.D.

CoNseQUENCE 3: Condition (3.3) holds if, and only if there exists a self-adjoint
operator A4 in an extension space H such that 4, = prd» n=0,1,2,---.
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